We studied the microscopic mechanism of multiferroics, in particular with the "spin current" model (Hosho Katsura, Naoto Nagaosa and Aleander V. 
1. Introduction
Experimental findings [1] [2] [3] [4] in recent years have revived the interest in multiferroics. They showed that magnetic and ferroelectric orders are closely related [5] [6] [7] [8] . What is more intriguing is that only certain types of magnetic orders, namely helical spins and frustrated spins, can couple to ferroelectricity [9] . It is this fascinating interplay between ferroelectric and magnetic orders that has attracted many researchers. There were already models based on the Ginzburg-Landau theory [10, 11] that provide instructive physical description of the systems. As for the microscopic mechanism, there are currently two schools of theories. One of them proposed that the electric polarization and the anomaly of dielectric constant come from atomic displacements. The displacements or phonons are in turn, coupled to spins [12] [13] [14] . Though proposed for systems of orthorhombic structure, it is more readily applied to multiferroics of hexagonal structures, such as HoMnO 3 , as there is experimental evidence of atomic displacements from neutron scattering data [15] . The second school of theory proposed a new possibility: electric polarization coming from electronic wave function and thus density distribution. Katsura et. al.(KNB) [16] predicted that the magnetoelectric effect can be induced by "spin current" [17] . The coupling between "spin current" and internal electric field has the same form as that of DzyaloshinskiiMoriya interaction (DM) [18, 19] or AC-effect [20] where the motion of a magnetic moment is coupled to electric field. In this latter theory, the atomic displacement is not essential. On the other hand, spin-orbit interaction is indispensable in generating electric dipole moments.
The "spin current" model, though a bright idea, needs additional substantiation in order to be applied to physical systems. Jia [21] et. al. gave a detailed calculation of this model. Their results showed that the "spin current" model is able to explain at least semi-quantitatively many experimental data. This model was also applied to the systems with e g orbitals such as TbMnO 3 [22] . In our opinion, the foremost task is the embodiment of this idea in a crystal in which completely different properties and behaviors can emerge from complexities and interrelations between electrons, spins, and lattice structure. Equally important is the calculation of the magnitude of electric polarization induced by "spin current". According to KNB, the polarization is of the orders eI(t/∆) or eI(t/∆) 3 for one or two holes. Here I is the expectation value of length, t the hybridization energy and ∆ the energy difference between d-orbitals and p-orbitals. According to their estimation, t = V (pdπ) ∼ 0.1eV , ∆ ≈ 2eV , and eI/a 3 ∼ 10 4 µC/m 2 where a is the lattice constant. One can see that the magnitude is compatible with experimental data only in very favorable conditions. Therefore, it is desirable to conceive possible and realistic mechanism to enhance the ferroelectricity-magnetism coupling.
KNB derived an elegant expression for the electric polarization of a threeatom system − → P ∼ eI e 12 × ( e 1 × e 2 ) where e 1 and e 2 are the directions of spins of the transition metal ions and e 12 is the bond direction. We shall see how the expression conforms in a crystal and how it is related to the wave vector of the helical magnetic order. We will explain the reason why it is advantageous to have the helical spin configuration for ferroelectricity and also elaborate the roles played by the spin-orbit interaction. In fact, we will show that the electric polarization comes directly from DM interaction. Finally, we point out that a common feature in transition metal oxides, the bond-bending, can enhance electric polarization.
2. Description of the system
We are going to consider two features in the system, the helical spin configuration and bond-bending. Mostovoy [23] studied a system of degenerate doubleexchange interaction and next-nearest neighbor hopping. He found that un-der certain conditions the helical spin configuration is stable. Thus, we shall take that as our starting point. The transition metal ion, with position vector − → R j,m = − → R j + − → r m where − → R j is the position vector of the j-th lattice point and − → r m is the position vector of the m-th ion in the basis, has the following form for its spin (presumably those of t 2g electrons)
The helical spin order has a wave vector − → q . The projection of spins on xy-plane makes a fixed angle φ with x-axis.
Hund's coupling in the transition metal ions, 
where θ j,m = − → q · − → R j,m /2. This will affect the hybridization of orbitals.
Next, we consider the hybridization. KNB studies a TM-O-TM three-atom triad. Due to the symmetries of orbitals, the hybridization arises from π-bonding. If the TM-O-TM triad is not linear (illustrated in Fig. 1a where α is the bond angle), the p x orbitals of oxygen (if the bond is approximately in the x-direction) can also take part in electron transfer, σ-bonding can be realized and the hybridization energy can be greater. In fact, the bond-bending occurs quite often in transition metal oxides. See, for example, in reference 24. The ab plane of the crystal is shown in Fig. 1b where the solid dots and circles denote the transition metal ions and oxygen atoms respectively. There are two distinct transition metal ions in the basis, and thus m = 1, 2, due to bond-bending.
As a result, two transition metal ions and four oxygen atoms form the basis of the crystal which is enlarged by bond-bending. The atoms are labeled so as to facilitate later deduction. As mentioned above, bond-bending will affect the hybridization energies. They can be found in Slater and Koster [25] .
Bond-bending has other profound effects. It changes the symmetry of the surrounding of atoms and thus the symmetry of crystal field. In an orthorhombic crystal (a = b) with bond-bending, the xy-orbitals of the transition metal ion will mix with the x 2 − y 2 orbitals. The resulting orbital has the form
where the ± sign is determined by the direction of the displacement of the oxygen atom away from the line joining two transition metal ions. β and α are of the same order of magnitudes. However, since the symmetry of crystal field is not determined entirely by bond-bending, we expect them to be different.
The hybridization of the p−orbital of oxygen atoms and the xy−orbitals of transition ions is equal to ±( √ 3/2) sin α sin(α/2)V (pdσ) where the sign is again determined by the direction of the displacements of oxygen atoms. That of the p−orbital of oxygen atoms and the x 2 − y 2 −orbitals of transition ions is equal to ±( √ 3/2) cos α sin(α/2)V (pdσ). Although the x 2 − y 2 −orbitals have greater hybridization energy, its amplitude is smaller as one can see from (3).
The resulting hybridization energy is ±(
, which is often greater than V (pdπ).
3. Calculation
Due to the Hund's coupling, the spins of the hybridizing electron are projected to the local spins and the hybridization energy is modified. It is the main part of our Hamiltonian. We considered σ bond only. Hence, the orbitals involved are that in (3) of transition metal ions, p x −orbitals of oxygen atom 3 and 4 and p y −orbitals of oxygen atom 5 and 6. Later, we take the spin-orbit interaction, and more orbitals, into account. It will be treated as a perturbation. Our
Hamiltonian thus has two parts, H = H 0 + H 1 :
and
where the hybridizations energy 
where − → R i,l = − → R i + − → r l with − → r l being the position vector of the l-th oxygen atom in the basis without bond-bending. The Hamiltonian becomes
where
. a 0 and b 0 are, respectively, the distance between transition metal ions along x and y direction. The Hamiltonian in momentum space is
It can be diagonalized and the eigen values are
where ε p is six-fold degenerate and − → R nn and δθ nn = 2δθ l are the position vector and spin angle difference between two nearest neighboring transition element ions. The eigen vectors are
where A m1(2)± are normalization constants, − → r lm = − → r l − − → r m , and
Note that ψ pl = ψ px for l = 3, 4 and ψ pl = ψ py for l = 5, 6. The eigen vectors of ε p do not concern us because they are non-bonding states. If there is no bond-bending, then there are only π-bonding for xy−orbitals. It turns out that the eigen vectors have very similar forms as those in eqs. (9) . They are shown in Appendix.
4. Spin-orbit interaction and polarization
We now introduce the spin-orbit interaction in eq. (4). Its effect can be expressed in the following relations
Therefore, if the spin-orbit interaction is treated perturbatively, the wave func-
where ∆E t2g is the energy difference between t 2g states. It can be due to the fact that the crystal being orthorhombic instead of cubic. It can also be induced by different hybridization of t 2g orbitals with the p-orbitals of oxygen atoms.
Substituting (12) into eqs. (10), we found that the polarization per unit cell is
with a 0 and b 0 being the lattice constants without bond-bending. A clearer way of writing them should be − → a 0 = (
site j + 1 situated at x-or y-direction away from site j. There are ten bands in our calculation. The main contribution comes from the topmost occupied band.
We have also made the approximation E n+ ≈ ε p , taking the advantage of the
If even number of bands are occupied, the polarization will be much smaller. The polarization produced by two bands tends to cancel each other. As a result, there is an extra factor of 4V 2 /(ε p − ε d ) 2 which comes from the denominator of eqs. (9):
To see more clearly how polarization and − → q are related, let U P be the space inversion operator. We then have
Under the space inversion, the displacements of oxygen atoms and hence, α, β and V change sign under inversion
and the polarization is an odd function of − → q . The form of sine function in eqs.
(13) seems to be a natural form. In the continuum limit (a 0 ≈ b 0 −→ 0) or the long wavelength limit ( − → q −→ 0), we found
where h is the helix axis unit vector. We have assumed that q z = 0 since our calculation was performed on xy-plane. Thus we have shown how the form − → P ∼ eI e 12 × ( e 1 × e 2 ) given by KNB transformed in the presence of magnetic orders.
5. Discussion
In order to see how magnetic and electric orders are coupled, let us go back to the original work of Moriya [19] . He derived the following expression:
Here, J(n, n ′ , m, m ′ ) is the exchange interaction strength and − → l i consists the angular momentum of the electron at site i.
In our starting Hamiltonian, the exchange interaction comes from the charge transfer energy ε p −ε d and hybridization energy V [26] . Combined with the spinorbit interaction in eq. (4b), DM interaction is clearly present in the system we considered. We can recast the wave functions we got previously in a form similar to Moriya's by treating the hybridization energy and spin-orbit interaction perturbatively,
where H V is the third and fourth terms of eq. (21) is also applicable to the situations without bond-bending.
In that case, the π-bonding will be considered as they were in KNB's original work and H V is the third term of eq. (A-1). One can see that eq. (21) has the same origin as H DM in eqs. (19) and (20) . However, we have to note that the helical spin configuration is not caused by DM interaction whose strength is too small. Rather, it can be due to the next-near-neighbor hybridization as shown in ref. 23 .
It is easier to analyze with the following form:
We consider the mirror symmetry of above equation. H V may change sign under mirror reflection operation because of the orbital wave functions involved. It is also related to the direction of the displacements of oxygen atoms. For example, the (pdπ) part of E y,xy and (pdσ) of E x,x 2 −y 2 ( in Slater-Koster notation) with bond along x-direction change sign if one makes the operation x −→ −x. On the other hand, the (pdσ) part of E x,xy (due to bond-bending) does not change sign if one makes the operation x −→ −x or y −→ −y. In the previous section, we calculated the polarization of a planar crystal. Now we consider a more general case of orthorhombic structure and helical spin configuration. It is easier to catch the essence if one considers the (pdπ) part of E y,xy or the (pdσ) part of E x,x 2 −y 2 of H V , which is applicable to BNK's original work and to the x 2 − y 2 orbital part of our work respectively. Assuming the bond direction of H V is in the m-direction then polarization is finite for either k = h, m = i or k = i, m = h. As a result, eq. (22) can be simplified as
where H V,i denotes the hybridization bond along i−direction and i, j and k are cyclic.
The spin part is simple. Only the imaginary part of σ l |s j |σ n needs to be considered because l|l j |n is imaginary:
for the spin configuration in eq. (1). Apparently, σ n |s j |σ l will not be affected by mirror reflection operation. Substituting eqs. (24) into eq. (23) and calculating all the cases for n|l j |l , we found that
where V is either (pdπ) for t 2g orbitals or sin β(pdσ) for the x 2 − y 2 orbitals.
The terms in the square bracket is very similar to e B × (
− cos φ sin(a 0 q x ) − sin φ sin(b 0 q y ) which appears in H DM in eq. (19) for the spin configuration in eq. (1) . Here e B is the unit vector of bond direction. The difference is in the arguments of sin and cos functions. The factor 1/2 arises because in our model it is the hybridization electrons that mediate the exchange interaction while in DM interaction it is direct exchange.
KNB suggested that an internal electric field − → E is the cause of the vector − → D and they were related as
With the relation P k = −∂ H DM /∂E k and eqs. (19) and (25), we found that
are even number of bands to be accounted for, then the polarization in eq. (25) has be be multiplied by a factor V 2 /(ε d − ε p ) 2 and the electric field will have a more transparent form E k ≈ −eV / r k . It will be easier to understand if one recalls that the Pauli equation gives us[27]
where j i j is the spin current with the superscript denoting spin component and subscript denoting the direction of motion. Introducing the SU(2) vector potential A i j = −ε ijk E k , the DM interaction can be rewitten as
To see the physical picture, one can think of a bond as a charged line. Suppose the line is parallel to x-axis, then there is electric field in y-and z-directions.
The electric field is coupled to the spin current of s y flowing in x-direction.
From eq (24) the electric field in z-direction gives the first term in eq. (25) .
We now see that the electric polarization is actually produced by a mechanism similar to generalized DM interaction. Above statement is applicable to both the present work of bond-bending σ bond and KNB's original work of π bond.
We note in passing that it is easy to understand why helical spin configuration is apt to give rise to multiferroics.
The magnitude of polarization is also important. If there are odd number of filled bands then the polarization is of the order
is the volume of a unit cell and eq. (13) is used. If we take
and sin β ∼ 0.1 then P ∼ 100µC/m 2 for ρ ∼ 0.1Å. The bond-bending activated hybridization V is in general greater than V (pdπ). and ρ sin β/I where I is defined in eq. (A-6), is of the order V (pdσ) sin β/V (pdπ) ∼ 1 for β ≈ π/12. Hence bond-bending gives larger polarization in many oxides. For example, in compounds such as Ni 3 V 2 O 8 , the bond angle is quite different from 180 o [6] . Hence, α and β may both be large and the environment is favorable to ferroelectricity.
Atomic displacement can enhance electric polarization by destroy cancellation.
However, if it has its own wave vector and it is not commensurate with − → q then there is no net polarization.
In conclusion, we have analyzed the conditions for the emergence of ferroelectricity due to magnetic orders. We found a simple relation between its wave vector − → q and polarization. Furthermore, the physical picture of the coupling between magnetic orders and ferroelectricity is made clear. Multiferroics is created by a generalized version of Dzyaloshinskii-Moriya interaction. Above findings can also be applied to systems without bond-bending but with π-bond hybridization. The bond-bending tends to enhance polarization and it may be important for certain compounds.
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Appendix
In this Appendix, we present the the eigen values and eigen vectors of the π-bonding systems. It is simpler because there are only one transition element ion (thus the dropping of the index m) and two oxygen atoms in the basis. The solid dots and circles denote the transition metal ions and oxygen atoms respectively. The atoms are labeled so as to facilitate later deduction. Fig. 2 Polarization P z versus φ and φ q where φ q is the angle between − → q and x-axis.
